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ABSTRACT

A positive integer X is said to be a half-Zumkeller number if the proper positive divisors
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of x can be partitioned into two disjoint non-empty subsets of equal sum. Half-
Zumkeller labeling of a graph I' = (V(I'),E(I')) with a =| V(I') | vertices and
B =1 E(T) | edges, is an injective mapping i of the vertex set V(T') into the set of
W :E(T) — Z* U {0}, given
half-Zumkeller
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the cylinder grid graph C,y, ,,.

natural number such that the induced mapping

byY"Aw) =g MY (), is a
Ap€E(), A uev(l). The graph that admits a half-Zumkeller labeling is called
a half-Zumkeller graph. In this paper, we present half-Zumkeller labeling of the graphs:
the stacked book graph SB., ,, , the cylinder grid graph C,, ,, and the prisms of the

number for all

following graphs: ladder graph L, , the grid graph G, ,, . the gear graph G,, , flower

graph FL,, . Furthermore, if H a non-totally disconnected subgraph of [I" then H is

also, a half- Zumkeller graph.

1. Introduction

The graphs considered here will be finite, undirected,
and simple connected graphs, for a graph T = (V, E), let
a =|V(I')| be the cardinality of vertices V(I')and
B =I| E(T) | be that of E(T).

In graph theory, numerous graphs can generate from

given ones by using graph operation. The Cartesian
product of two graphs I' and Y, denoted ' O Y, is the

graph with vertex set V(I O0Y)= V(I') x V(Y) and the
edge  {(Ayn1). (A2 12)}
whenever A, A, € E(T) and p; = p, or symmetrically
Hy b, € E(Y) and A, = A, [1]. The Cartesian product of
a graph T" with B, is called a prism over T'.

is presented in the product

A labeling of a graph is a mapping that carries a graph
element (edges or vertices, or both) to positive integers,
subject to certain constraints. A labeling of a graph is
called edge labeling if the domain of the mapping is the
edge set.
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Graph labeling methods are used for application
problems in communication network addressing system,
for fasting Communication in sensor networks, for
designing fault-tolerant systems with facility Graphs, in
coding theory for the design of good radar type codes and
can also use for issues in mobile Ad hoc networks [2,3].

In the early 1960s, Rosa [4] introduced the idea of
graph labeling. Following this paper different techniques
have been studied in graph labelings. In 1985, Edge
graceful labeling was introduced by Lo [5]. An edge even
graceful labeling of a graph introduced by Elsonbaty and
Daoud in 2017 [6]. In 2020 Zeen El Deen [7] introduced
the definition of an edge & — graceful labeling of many

graph for any positive integer §. In [8] Zeen El Deen et al.
introduced new classes of graphs with edge & graceful

labeling. For a detailed survey on graph labeling refer to a
dynamic survey of graph labeling [9].

2. Zumkeller and half-Zumkeller numbers
A positive integer x is said to be perfect if the sum of
its positive factors 8 (x) is equal to 2 x Generalization the

concept of perfect number termed as Zumkeller number. In
2003 Zumkeller observed a sequence of integers that their
positive factors can be partitioned into two disjoined
subsets with equal sum, i.e., each subset with
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sum@ (x) /2 [10,11]. All the following numbers 6; 12;
20; 24; 28; 30; 40,... are Zumkeller number.

2.1 Properties of Zumkeller Numbers: [12,13]
1. Let x be a Zumkeller number and w be a prime where

(x, ) =1 then x @ is a Zumkeller number for any
positive integer k .

2. For any prime @ =2 and positive integer j
withw < 2/*1 — 1 the number 2/@ is a Zumkeller
Number.

3. Let x=2/w" be a positive integer. Then x is a

Zumkeller number if and only if @ < 2/%* — 1 and k is an
odd number.

4. If the prime factorization of an even Zumkeller number
x is2w, w,’? .......w,,”™. Hence, at least one of

J; must be an odd number.
5 If w,/'w,’? .......w,,/™is the prime factorization of
the Zumkeller number x . Hence, for any positive integers

ky koo k. The number

@, K1t (14D g K241y (k241) g kmtln (km+1) ig g0

Zumkeller number.

Newly, a recent type of labeling is introduced by
Balamurugan et. al. [14,15,16] called Zumkeller labeling.
They studied many graphs which have Zumkeller labeling.

Definition 2.1.1. Zumkeller labeling of a graph
T = (V(T),E(T)) with @ =| V(T') | vertices and B =| E(T) |
edges, is an one to one mapping W of the vertex set
v (T) into the set of natural number Z* U {0} such that the
induced mapping Y E(T) — Z7 u {0}, given
by W (A ) = Y(A) P(n), is a Zumkeller number for all
ALEET), A pev(l). The graph that admits a
Zumkeller labeling is called a Zumkeller graph.

Extra outcomes have been published on Zumkeller
labeling of simple graphs see, [ 17,18,19,20].

2.2 Properties of half- Zumkeller Numbers: [10, 13]
Definition 2.2.1. [10] A positive integer x is said to be
a half-Zumkeller number if the proper positive divisors of
X can be partitioned into two disjoint non-empty subsets of
equal sum. A half-Zumkeller partition for a half-Zumkeller
number x is a partition {4, B} of the set of proper positive
divisors of x so that each ofA and B sums to the same
value.

1. A positive integer x is half-Zumkeller if and only if
8ix)—x

2

is the sum of some distinct positive proper

positive divisors of x, an example of half-Zumkeller
number is 70. The proper divisors of 70 are
a;, = {1,2,5,7,10, 14,35} which can be partitioned into

100

two disjoint subset A = {1, 5,7,10,14} and B ={ 2,35}

of equal sum which is equal 37. So

g(x)—x

144 — 70
6 (70) = Y a, = 144 , then . =

2
is half-Zumkeller if and

=37.

2. A positive even integer x

B(x)—-2x

only if is the sum (possibly empty sum) of

some distinct positive divisors of

z. For

2
g(70 )-2(70) 144-140
; = . = 2.
3. Let x be even number, then x is half-Zumkeller if

and only if x admits a Zumkeller partition such that x and

x excluding x and

example, let x=70 ,

% are in distinct subsets. Therefore, if x is an even half-

Zumkeller number then x is Zumkeller. For example of an
even half-Zumkeller number is 836, since the divisors of

836 are {1,2,4,11,19,22,38,44,76,209,418,836}
which can be partitioned into two disjoint subset of equal
sum A = {836, 4} and
B ==

{1,2,11,19,22,38,44,76,209,418}
where 836 is in one subset and 418 in the other subset, so
863 is Zumkeller number.

4. Let x be an even Zumkeller number. If & (x) < 3 x,
then x is half-Zumkeller, an example of an even

Zumkeller number which is half-Zumkeller is 54 , since
6 (54) =120 < 3 (54) = 162

5. If 6 divides x,

then x is half-Zumkeller, an example of Zumkeller number
which is divisible by 6 is 24. The proper divisors of 24 are
{1,2,3,4,6,8,12} which can be partitioned into two

x is Zumkeller, and 8 (x) < % ,

disjoint subsets of equal sum, A= {12,6} and
B=1{1,23,4,8} so x= 24 is half-Zumkeller and
B (24) =60 < =% _ g0

6. If x is Zumkeller, then 2 x is half-Zumkeller, An

example of Zumkeller number is x=30 , then 2x =60
is half-Zumkeller because the proper divisors of 60 are
{1,2,3,4,5,6,10,12,15,20,30} which can be partitioned
into two disjoint subset of equal sum, 4 = {30, 20,4} and
B =1{1,23,56,10,12,15}.

7. An even Zumkeller number
x= 2w, w,? .....w,/™ , isahalf- Zumkeller if

y=2"1wtw,?. . . w,™  is Zumkeller number
and @, w,,..,w, < 271

An example of an even Zumkeller numberis, x = 80
the prime factorization of 80 is 2*.5. To prove that
, it is enough to prove that Zumkeller -is a half x = 80
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are y = 2%.5 divisors of The, umkellerzais y = 23.5

which can be partitioned into two {1, 2,4,5,8, 10, 20, 40}
disjoint subset of equal sum, A = {40,5}

and
.B=1{1,2,4,8,10,20}

3. Half-Zumkeller labeling of the stacked book graph
SBn

Definition 3.1. Half-Zumkeller labeling of a graph
I = (V(I'),E(I)) with @ =| V(I') | vertices and

B =I E(I') | edges, is an injective mapping i of the
vertex set v (T') into the set of natural number such that the
induced mapping Y E(T) — 2T u {0}, given
by * (A ) = (L) ¥ (), is a half- Zumkeller number for

i CyoPU S

L 8

o--°""

101

all Ape E(T), A pewv(l). The graph that admits a
half- Zumkeller labeling is called a half- Zumkeller graph.

Definition 3.2. [ 1 ] A stacked book graph denoted by
SB,,, is defined as the cartesian product of a star graph
S, onm + 1 vertices with a path p,, on n vertices, i.e.,
SB

m.n

2 5,41 U p, where the symbol LI used to denote

the cartesian product of two graphs. The stacked book
graph  SB, ,contains m(n + 1)

n(2m + 1) — (m + 1) edges. The vertex set
V(SBpp) = M1 =0l =nl1l<w=m} and
the edge set E(SB,,,) = (Myp:l =l =n -1} U
fuphl=l=n—-1,1<w<mj

vertices and

Ufhv?:1=1=n,1< w= m} A typical picture
of staked book graph SBy, , is givenin Fig. 1.
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Figure 1: The stacked book graph denoted SB, ,

Theorem 3.4. The stacked book graph 5By, ,, admits half-Zumkeller labeling.

Proof. Aninjective map ¥ : V [SB,.] — ZT U {0} defined on vertex set as follows

k
w(A) = 27 pf 1 <1

W) = zsz“’ poni-l 1

=n,

=1 =n,

1=

W =m.

Where p is an odd prime number, p < 2¥ — 1 and k is an even number = 2,

The induced edge labels can be calculated as follows
YT (A Ayy) = 28 pPH
Y (up ppy) = 26
w* [:)'-.!' #?)) — 2k+m p2n+l

4n-20+1
p

l1=l=n-1,

1l=l=n-1, 1= =

w m,

1=1<=<n, l1=w=m.

Hence, from the properties of half-Zumkeller number, we can see that all the edge labeling of the stacked book graph

SB,,  are half-Zumkeller numbers, for example 2% p2'*1 is

number such that p = 2% - 1 . Thus, the graph SB,, ,, admits half-Zumkeller labeling.

lllustration: In Fig. 2 we present a half-Zumkeller labeling of stacked book graph SB, s withp = 7,k

half-Zumkeller number since 2%~ p2!*1 is Zumkeller

4.
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Figure 2: A half-Zumkeller labeling of stacked book graph SB, o with p =7, k = 4.

3. Half-Zumkeller labeling of the Cylinder grid graph
Cm,n

Definition 4.1. [1] The Cylinder grid graph (y,, is the
graph formed from the Cartesian product B,, L1 C,, of the
path graph F,, and the cycle graph C,,. That is the cylinder

grid graph consists of m copies of C,; which represented by
circles and will be numbered from the inner most circle to

the outer circle as €} ,C2,C2 ,---,C™ 1, C™ and we call
them circles, and n copies of B, which represented by
paths transverse the m circles and will be numbered
clockwise as BL, P2, B2, .. Pn~1 P and we call them
paths, see Fig. 3.

Figure 3: The cylinder grid graph Cyy, ,;
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Theorem 4.2. The cylinder grid graph C,;, ;; is half-Zumkeller graph.

Proof. The cylinder grid graph Cy;, ., contains nm vertices and 7({2m — 1) edges, the vertex set V(Cm.ﬂ) have
the elements {fu 1 =1 =n 1= w < mj} and the edge set
E[Cn]= >, -1 =l=n—11<= w=mu{plu®: 1< w <= m}
Ufp® p~*t: 1 =1 =n1= w = m— 1}.

We consider following two cases
Case (1): when n is even.

Aninjective map ¥ : V [Cn] — Z7 U{0} defined on vertex set as follows

k=1
S _ B
if w=1mod?2;
vi<sl<sn ype)= [ Lt | f
272 gttt if w=0mod2;

Where p is an odd prime number, p,q < 25¥*® — 1 and k is an even number = 2.
The induced edge labels can be calculated as follows
P (pfpett) =29tk 1 plgt 1 <l<nandl < w<sm—-1,

] g wk=1 p2l+l if w=1mod 2;
visl<sn—-1 ¢ @fp2)= [2 wtk—2 qr2!+3 if w=0mod?2;
e ey < 200 if @=1mod?2;
n H1 9 w+k=2 qrn+a if w=0mod?2;
Case (2): Whennisodd. Aninjectvemap ¥ : V [Cpnl — 7t u {0} defined on vertex set as follows
k=1
1;;(#“') [ q if w=1mod?2;
1 k=2
272 p if w=0mod?2;
wtk—1 I
27z p if w=1mod?2;
v2<sl<sn Y@ =1 sie
272 g'*t if w=0mod?2;

The induced edge labels can be calculated as follows
Y (pf ot = 29%F 1 p g, 1< w<m-1,
W(pppet) =20t plgt | 1<l<nadl € w<m-1,

w+k—-1 ] =
e p?q if w=1lmod?2;
Y (pg Fz)_[2m+k2p 3 if w=0mod?2;
9 wtk—1 2I+1 if w=1mod?2;
v2=1[1=n-1, 1,[3 (#; .u!+1) [2w+k 2 2I+3 if w=0mod?2;
o 2wtk=1 g g if w=1mod?2;
Y (P«n Hq )= [2m+k—2 D qrn+1 if w=0med?2.

Hence, from the properties of half-Zumkeller number, we can see that all the edge labeling of the Cylinder grid graph
C o are half-Zumkeller numbers, for example 2<*%=1p g is half-Zumkeller number since 2“*%~2 pgq is

Zumkeller number such that p < 2“*¥=1_ 1 . Thus the graph C,,,, admits half-Zumkeller labeling.

lllustration: In Fig. 4 we present the cylinder grid graph €5 g with half-zumkeller labeling.
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Figure 4: Half-Zumkeller labeling of the cylinder grid graph Cs g withp = 3,¢ = 5 and k = 4.

5. Half-Zumkeller labeling of the prism of the ladder P(L,)
Definition 5.1. The prism of the ladder graph P(L,) = L, 00 P, contains 4n vertices and 8n — 4

' [
edges, n = 2, see Fig. 5. The vertex setV (P(L,) ) have the elements M- A iy 21 = 1= mj

and the edge set E[P(Ln)] = (At Aiss, M Appy, i tivn, M e 1 =1 =n— 13U
N Ao, N 1 =L snd

AL AL bV An_1 Al
,,,,,, 1:,,,,,,*\,,,,,,
l\ l\
LIRS [N A
A1 Ao As [ ~ ] ~ n—1 An
1 ] _
Ha Mo Ha : : : : Hn_ 1 o
- - - - & - — - -
N ] N ]
\\ M \\ '
Al Al
777777 N N __
M1 H2 H3 Hn—1 Hn

Figure 5: The prism P(L,) = L, O P, of the ladder graph L,
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Theorem 5.2. The prism of the ladder graph P(L,) admits half-Zumkeller labeling.

Proof. An injective map  : V [P(L,] = Z* U {0} defined on vertex set as follows

w(n)= 25t ! 1<l<n,
Y () = 22£+1 p2nti-t 1<1<n,
1p(p£)=22£p5 1<1<n,
Y (pp) = 22£ pan+i-l 1=<l<n

Where p is an odd prime number, p < 2% — 1 and k is an even number .
In view of the above defined labeling pattern, the induced edge labels w* can be obtained as follows:
U (A Ap,,) = 2k+2 pi+t 1<l<n-1,
w* (A Ay) = ok+2 p4n—2I+1
W pey) = 28 pPH
W'y py,,) = 28 ptnmEet

l=l=n-1,
l=l=n-1,

1=l=n-1,

vy A) = 2k+2 pntl 1=<1]<n,
v () = 2k pPnit 1<l<n,
Y )=y (A pj)= 2k pntl 1=1=n.

Hence,
graph P(L,) are all half-Zumkeller numbers, for example 2% p2"*! is half-Zumkeller number since 25~ p

Zumkeller number and p = 2% - 1. Thus, the prism of ladder graph P(L,) admits Half-Zumkeller labeling.

from the properties of half-Zumkeller number, we can see that all the edge labeling of the prism of ladder
2n+1 is

lllustration: In Fig. 6 we present a half-Zumkeller labeling of P(L,) with p = 17,k = 6.

4 4 2 4 3 4 g4 4 4 =D 4 =0 4 T
2t 17 g8 173 2417 o5 o 2017 o8 g7 2017 gs 170 21T os o 2017° s s 2017
&
7 4e10 e NPT )7 171 P 7 7lo Vi )7 1718 5 e AT 1715 '/’12
- v R " oo s B o o o "¢ R
TN 2t 17 AN gt 17 N Nt N W 24170 24 178
28 1777 28 177 2% 173 2% 17! 2% 171" 28 1747
23,1714 231718 2% 1712 23171 2% 1710 2%.17° 22178
2(:"1727 20.172:—: 2{1'.17‘.2:} Bb.l?Bl ZL;.J.?“) ZrullTlT
\3J t:" \3“ , ) ) \-3J
) 2017 A 2717 ’.\_J 2°.17 ?,\_) 2717 A) 2717 ‘f\, 27 17! ?,\ 2 7
o ) o B o o
b1 =3 06 =0 G q=7 [} =0 - G =11 --)U =13 -
By 2 212 21T ps 20 g qps 21T s 21T g qps 2 23177

Figure 6: Half-Zumkeller labeling of prism P(L,) of the ladder graph with p =17, k = 6.

6. Half-Zumkeller labeling of the prism of the grid graph Gm,n
Definition6.1. [1] The grid graph G, is the Cartesian product B, O F,, and the prism of the grid graph (G,..)
Gmn O P, = B,0 P,O0P, =L, OP,, solL, O B, is the prism of the grid graph (G, ) , see Fig. 7. The

prism of the grid graph P(G,,,), contains 2nm vertices and 5mn — 2(m 4+ n) edges. The vertex set
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% [P(Gm.n)] have the elements {Af,uf: 1 =1 <= n,

1< w<m} and the edge set
E[P(Gm.n)] ML, r1=l=n-1,1=w=m}U A°p:1=1<n1=<w<=m}

w ywtl w+l ,
U AT ATT I 1 =1l=n1=w=m-— 1}
py gt TN e
T e AEmm ol & - 5mm -
A1 )\2 1 An—l )\n
'u’m. T #?’.‘t 1 - -r-—----- - _:- ______ )\?n—ll- I —1
1 2 1 1 n n
D N i
’\11’1_1 1 )‘12n_1 1 1 ! 1 ' 1 ALY 1 At 1
" - " 5 " é T *__L ______ L 1 R
1 'Ry 1 'ops 1 ! 1 ! 1 " 1 P Vna 1 Yo,
| 1 L PP S L e — - L - 1
)\';’ 1 )\g 1 1 1 1 \ LT | )\i 1
T T T é -r------° *‘ —k------ T 1
1
Hy Ha Mz 1 1 Hp_1 o,
S I L _
1 1
Lo __ & e -
A A% As AL AL

Figure 7: The prism P(Gp, ) of the grid graph G
Theorem 6.2. The prism of the grid graph P(Gm’n) , admits half-Zumkeller labeling.

Proof. Aninjective map 3 : V [P(Gm’n)] — Z% U {0} defined on vertex set as follows

k
T=ltw ] [ =
23 p if w=1mod2;
YO =1 .
97140 sl if w=0mod?2;
4w 7n+l I [ = ;
if w=1mod ?2;
Y () =1"% .
. if w=0mod?2;

Where p is an odd prime number, p = 2’”2“’ 2 — 1andk is an even number = 2.
In view of the above defined Iabeling pattern, the induced edge labels 11,!)* can be obtained as follows:
l,b* (}L?.a o ) — 25:—2+2w p2n+1

wa (;\.?} ;'LE"HI ) _ (#I #; +1) 2.5:—1+2m p2n+l ,
w ()Lw e gk—2+2w p2!+1 if w=1mod?2;
I+1 2;.:—2+2m p4n+1—2f if w = 0mod 2;
w* 5 ) = ok-2+2w p4n+l—2f if w=1mod2;
[ M gk—2+2w p2!+1 if w=0mod?2 .

Hence, from the properties of half-Zumkeller number, we can see that all the edge labeling of the prism P(Gmm) of

2n+1

the grid graph Gm,n are all half-Zumkeller numbers, for example 2%+*2¢=2 P is half-Zumkeller number since

2k+2w-3 p2n+l s Zumkeller number such that p < 28*29=2_ 1 | Thus, the prism of the grid graph
P(Gm’n} admits Half-Zumkeller labeling which complete the proof.

lllustration: In Fig. 8, we present a half-Zumkeller labeling of prism P(G7,4) of the grid graph 67,4 with
p =3Lk =
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T T 3 T 4 T [} a7
2731 914 313 2731 914 3¢5 27.31 914 397 2°.31 914 319 27.31 914 3911 2731 914 gq13 27.317
27‘3114 / 27_3113 27.3112 / 27‘.3111 / 27_311 2"‘.3].9 / 27_318
20 3114 25,3113 2% 3112 26,311 25,3110 20,317 25.31%
26.31 / 26.31% / 2%.31° / 20314 / 2%.31° / 25.31° / 26317
2°.31 2°.31° 2%.31° 2% 314 2°.31° 2°.31° 2°.317
/ 25 3113 ./ 95 3712 / 95 311t /. 95 311 / 95 319 / 95 318
2% 3114
24 3114 2431138 213112 24311 24,3110 24,317 24.31%
B 913 8 945 a8 aq7 8 099 B gqll 8 13
gy 2081 gt g2 2051 gl 2031 gt gy 2031 gtgqs 2731 gigys 2031 91317

Figure 8: Half-Zumkeller labeling of prism P{ G7,4) of the grid graph G?A- with p = 31,k = 8.
7. Half-Zumkeller labeling of the prism of the gear graph G,,
Definition 7.1. The prism P(G,) of the gear graph G, has number of vertices |V (P(G,))| = 4n + 2 and

edges|E(P(G,))| = 8n + 1, see Fig.9. The vertex set V (P(G,)) = {ug, Ao,y , 4, w;, ;¢ 1 = 1 < n}
and the edge set

E[P(G,) ] = {1o Aoy Wopty, tpdi} Uuo i, Ao Ay Wy gy 6 Apeg ity wy, A, g Ay wy 8
1 =1 =n}

Figure 9: The prism P((,,) of the gear graph G,

Theorem 7.2. The prism of the gear graph P(G,,) , admits  Where p and g are distinct odd prime numbers and
half-Zumkeller labeling.

Proof. An injective map i : V[P(G,)] — Z* U {0}
defined on vertex set as follows

p,q = 2¥ — 1and k is an even number.
In view of the above defined labeling pattern, the induced
edge labels 1" can be obtained as follows:

k *
Yn)=224q, ¥ (o ko) = f:?g :
PRV Y (mop) = 2°p* q,
Y (4) = q-. YWy ppeg) = 2K p2lt2 g2+t

k *
¥ () = 22 p*, U (g wy) = 2K p?! gttt
k . W (wp, ) = 2% p? g2t
(1) = 2z p**, o _
Y (4 iP W (g A,) = 2% p2-t ¢2
Y (wy) = zzk g2+ W (6 Ay ) = 2% p2let g2
k (A t,) = 2k p2l-t g2+
P () = 22 g**2. Y4t )

w*(rn ;{1) — zkp q2n+2 ,
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Yy 4 ) = 28 pHt,
Pi(w ;) = 2% ¢**3 .
Hence, from the properties of half-Zumkeller number,
we can see that all the edge labeling of the prismP( G,, ) of

281 p2l q is Zumkeller number and p,q = 2-1 .

Thus, the prism of the gear graph P( G,) admits Half-

Zumkeller labeling which complete the proof.
Illustration: In Fig. 10, we present a half-Zumkeller

labeling of prism P(Gg) of the gear graph G, with

the gear graph G, are all half-Zumkeller numbers, for

example half-Zumkeller number p=13,q=29 k=6.

28 p?l q s since

23,133

298
2%.135

23 299 2% 20%
23 . 132
2%.137
23.2913 91[]
23 1312
2% 291!

23_131[3

Figure 10: Half-Zumkeller labeling of P(Gg) of the gear graph G withp =13, ¢ =29 and k = 6.
8. Half-Zumkeller labeling of the prism of the flower graph FL,,

Definition 8.1. The flower graph FL, (n = 3) is the graph obtained from a helm H,, by joining each pendant vertex to
the center of the helm [3]. The prism P(FL,,) of the flower graph FL,, has number of vertices |V (P(FL,,))| = 4n + 2 and
edges |E(FL,))| = 10n + 1, see Fig. 11. The vertex set V (P(FL,)) = {tg.dg 11 . 4. Wy, ;= 1 = I = n}andthe
edge set

E[P(FL,)] = {Ho Ao, Hnlty, Anus} U {pio . Ao Ay oWy Ao Tty fiass A Agyy s
.Iu’f WI,AI tf’ .Iu’f .:;l,!', WI t!': 1 = I = ?1}

Figure 11: The prism P(FL,) of the flower graph FL,
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Theorem 8.2. The prism of the flower graph P(FL,),
admits half-Zumkeller labeling.

Proof. An injective map ¥ : V [P(FL,)] — Z¥ u {0}
defined on vertex set as follows
k
W) =227,
k
Y () = 22 q,

k
Y () = 22 p',
k
Y () = 22 pPtith
ke
v (w) = 22 ¢,

k

w (I!) = 27 pi+1l
Where p,q and r are distinct odd prime numbers and
p.q. v = 2¥ — 1and k is an even number.

The edge labels that are induced can be obtained as

follows considering the labelling pattern that was previously
defined:

P (ode) = 25 q 1.
Y o) =25 phr,
P pow, ) = 28 ¢** r,
Wy ey ) = 28 pP
Y (papy ) = 28 pt,

W (g wy) = 2% pt g?*t,
W (&) = 28 pPit,
W‘:W: f;) = 7k q2I+1 ?.21+1’
W (e A4) = 28 ptl g,
w*(;{o f;) = ok q ral+l ,

W (A Ay ) = 28 pinmEidn
w*(‘ln‘:{l) — zk p3n+1 ,
IP*ULJ t;) = 2k p2n+1—f p2l+l

Hence, from the properties of half-Zumkeller number,
we can see that all the edge labeling of the prism P( F Ln)

of the flower graph FL,, are all half-Zumkeller numbers, for
example  2¥ q ris  half-Zumkeller number  since
251 g ris Zumkeller number and g, r = 2F-1 .
Thus, the prism of the flower graph P( FLn) admits
Half-Zumkeller labeling which complete the proof.

lllustration: In Fig. 12, we present a half-Zumkeller
labeling of prism P{ FL,) of the flower graph FL, with

p=3,qg=5r7r=7k=4

Figure 12: Half-Zumkeller labeling of P(FL.),withp =3, q =5, r=7 andk =4
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Lemma 8.3. Let I be a half- Zumkeller graph and H a
non-totally disconnected subgraph of I'. Then H is also,
a half- Zumkeller graph.

Using Lemma (8.3), we can see that the graphs: star
graph , the path graph, ladder graph, grid graph, the
gear graph, and the flower graph are half-Zumkeller
graphs.

Conclusion

In the past few years, Zumkeller labeling of graphs have
been studied intensely and these topics continue to be an
attractive in the field of graph theory and discrete
mathematics. A great number of published papers and
results exist. So far, many graphs are unknown if it is half-
Zumkeller or not. In this work, a new type of labeling called
half-Zumkeller labeling is defined, we studied the notations
of half-Zumkeller numbers and some of their properties,
then we defined a new type of labeling called half-
Zumkeller labeling. Half-Zumkeller labeling of some
special classes of graphs like the stacked book graph, the
Cylinder grid graph, the prism of the ladder graph, the
prism of the grid graph, the prism of the gear graph and
the prism of the flower graph are investigated.
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